Abstract-A direct matrix approach is presented for the first time to synthesize high selectivity in-line topology filters where multiple transmission zeros are generated and independently controlled by a set of frequency-variant couplings. As the resultant network only involves resonators cascaded one by one without any auxiliary elements (such as cross-coupled or extractedpole structures), this paper provides the best synthesis solution in configuration simplicity for narrowband filters. Considering both the couplings and capacitances of a traditional low-pass prototype, a generalized transformation on the admittance matrix is introduced as the basis of the synthesis, which allows more than one cross-coupling to be annihilated in a single step, while generating a frequency-variant coupling simultaneously. It is then shown that the in-line topology as well as some other unique topologies can be determined by applying a specific sequence of the transformations. For the validation, a group of examples with synthesis as well as experimental results are demonstrated.
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I. INTRODUCTION
I
MPLEMENTING finite transmission zeros (TZs) are crucial in the modern microwave filter design for the distinct improvement of out-of-band frequency selectivity. With the adaptability to realizing all kinds of (i.e., real, imaginary, and complex) TZs and the diversity of topology constructions, the use of cross-coupled structures is considered as one of the most prevalent ways for the TZ generation [1] - [6] . However, this mechanism considerably raises the complexity of the design and tuning process due to the multiple coupling pathways (i.e., a number of cross couplings other than the mainline coupling route). An alternative manner for TZ realization is proposed by utilizing the extracted-pole sections [7] - [11] . As extra nonresonating nodes are adopted, this topology still brings in more circuit elements and a larger size during the fabrication.
To make better advantage for the configuration simplicity, a new concept of in-line topology filters has been recommended in recent years [12] - [19] . In [12] and [13] , an in-line configuration is produced by carefully implementing the bypass couplings between nonadjacent resonators (via the change of orientation for selected resonators). As the nature of these works are still based on cross-coupled topologies, the design complexity remains unchanged and the TZs still cannot be controlled independently. A more attractive solution is then proposed in [14] - [19] . By replacing the ideal constant inverters with frequency-variant couplings (supposed linear and with strong frequency dependence), it is observed that TZs can be generated and independently controlled without any cross-coupled or extracted-pole structures. In result, the derived network only involves resonators serially cascaded one after another, providing the simplest configuration for high selectivity filters. However, it is noticed that most of the related works are based on optimizations [14] - [17] . In [18] , secondand third-order in-line filters are theoretically discussed by separately analyzing the capacitive and inductive couplings of each mixed-coupled structure. Nevertheless, this mechanism requires a number of manipulations and a general approach for in-line filters with higher orders and more frequencyvariant couplings is still unsolved. Recently, a favorable direct synthesis method is reported in [19] , but is available for a very particular in-line condition where only one TZ can be realized. Lacking a general direct synthesis approach, whether a selected in-line network can realize required frequency response is still not predictable.
In this paper, a general direct synthesis approach is presented for synthesizing in-line filters with multiple TZs (as shown in Fig. 1 ) for the first time [20] . Concerning the capacitance matrix and coupling matrix together, a new transformation for the admittance matrix is proposed, which presents new possibilities that can transform a triplet section into a frequency-variant coupling and annihilate more than one cross coupling in a single step. With a specific procedure of transformations, an in-line topology containing a set of frequency-variant couplings is ultimately decided from the traditional transversal array network with constant coupling elements. Combining the proposed technique with cross-coupled and extracted-pole structures, this paper also proposes other unique topologies that expand the flexibility of direct matrix synthesis for narrowband high selectivity filters.
In the following, basic theory on the admittance matrix transformation process is detailed in Section II. The design procedure for determining the in-line and other unique topologies is presented in Section III. Thereafter, a series of illustrative examples, together with the synthesis results, is demonstrated in Section IV. In Section V, a fourth-order coaxial resonator in-line filter, containing two frequency-variant couplings (generating TZs at 1.64 and 1.97 GHz separately), is designed, fabricated, and tested for the experimental validation. Finally, Section VI provides the conclusion.
II. SYNTHESIS THEORY
A. Admittance Matrix Transformation
According to the well-established theory in [6] , the proposed approach starts with the N +2 admittance matrix [Y ] (suppose the row/column numbers as S, 1, 2, . . . , N, L in the following) for an Nth order low-pass cross-coupled prototype
where [M] and [C] are the coupling and capacitance matrices, respectively, while specify matrix [G] structures the terminal conductances (assumed as G SS = G LL = 1) at source and load. Note that [C] is diagonal with the entries C SS = C LL = 0 and C 11 = C 22 = · · · = C N,N = 1, implying that all the coupling elements are constant here. Therefore, S-parameters for the prototype can be obtained by the following [6] :
where To obtain a practical filter configuration, it is known that transformations on coupling matrix are always required, such as the manipulations discussed in [2] and [4] . While in [19] , the transformations on capacitance matrix are also taken into account. Concluding both situations, in this paper, a generalized transformation (represented by matrix [T ]) on the admittance matrix is introduced as
where n = 0, 1, 2, . . . , represents the corresponding parameters of the nth transform operation. The proposed transformation [T ] is then discussed in two conditions. 1) Similarity transformation where [T ] refers to the rotation matrix [R] 
Stipulating the rotation pivot as [i, j ] (i , j = 1, 2, . . . , N) and the rotation angle as θ r , [R] is observed to be unity except for the entries
In this case, the coupling values are changed in concordance with the well-known rotation process given in [6] , but the rotation should now affect the capacitance matrix as well; i.e.,
where the relevant capacitance values in [ 
while α 1 , α 2 , . . . , and α N are the rescaling factors for 1st, 2nd, . . . , and Nth resonator, separately. Since [U ] is defined as a diagonal matrix, this transformation derives
Accordingly, the corresponding entries of [M n+1 ] and
Note that the topology configuration is not affected by the rescaling transformation.
It should be emphasized that after this transformation, the eigenvalues of admittance matrix [Y n+1 ] will be changed as well. Nevertheless, it can still be obtained that the entries in the inverse matrices [
revealing that S-parameters for the low-pass prototype remain the same.
Since the capacitances C 11 , C 22 , . . . , C NN are always supposed to be unity in traditional synthesis, it is easy to obtain from (6) that matrix [C n ] (n = 0, 1, 2, . . .) keep unchanged during the similarity rotations. Consequently, only operations on [M] are considered during the synthesis. However, this special condition is no more satisfied as long as rescaling transformation is utilized; and thus providing new possibilities for the topology determination.
B. Fundamental Transformation Process
Based on the proposed admittance matrix transformation, fundamental process to obtain an in-line topology can be introduced.
The process first considers a basic structure depicted in Fig. 2(a) , which contains a triplet (resonators 1-3, realizing a TZ at f z ) as well as another direct-coupled resonator 4. Based on the process given in [6] , a specific similarity transformation is implemented to annihilate the coupling M 23 by selecting the rotation pivot [2] , [3] and rotation angle θ a = 0.5 tan −1 (2M 23 /(M 33 − M 22 )), which results in a lattice network exhibited in Fig. 2(b) . Note that the corresponding coupling elements are modified [represented as M i j , i , j = 1-4 in Fig. 2(b) ], while the capacitances keep the same.
In order to annihilate the cross couplings between resonators 2 and 4 as well as resonators 1 and 3 of the lattice network simultaneously, the synthesis continues by successively applying a rescaling transformation on resonator 2 (with rescaling factor α 2 ) and another similarity transformation with pivot [2] , [3] (assuming the rotation angle as θ b ). Note that these operations are in accordance with the ones recommended in [19] . Particularly, considering (3)- (9) and the derivations in [19] together, α 2 and θ b can be represented as
The relevant coupling and capacitance values after the manipulations are illustrated in Fig. 2(c) and (d) . In consequence, it is noticed that an in-line topology is determined. Note that the similarity transformation should be implemented on the capacitance matrix as well, which obtains [in terms of (5) and (6)]
while creating a frequency slope
As a result, a frequency-variant coupling, namely, C 23 + M 23 (note that represents the low pass frequency, while C 23 is the frequency slope), is produced between resonators 2 and 3. Also, it should be stated that the desired TZ f z is thus generated and completely determined by the frequency-variant coupling.
Comparing the resulting in-line topology with the triplet structure in Fig. 2(a) , it is apparent that the number of coupling elements for realizing a TZ is reduced; this shows exactly the benefits of in-line topologies in configuration simplicity.
III. DESIGN PROCEDURE
A. Direct Synthesis Procedure for an Nth Order In-Line Prototype
Starting from an Nth order transversal array prototype with constant couplings, as shown in Fig. 3(a) , the initial admittance matrix [Y 0 ] is described by
where [M 0 ] refers to the initial coupling matrix and [C 0 ] is the initial diagonal capacitance matrix. By applying the proposed fundamental process in Section II, the procedure to synthesize an Nth order in-line prototype is provided as follows, where both the network transformations and the equivalent mathematical operations are detailed.
Step 1: Utilizing similarity transformations, i.e., [
, to obtain a basic lattice structure, which acquires networks exhibited in Fig. 3(b) and (c) successively. Note that the multiple-triplet sections in Fig. 3(b) 
Step 2: Applying rescaling transformation, i.e., [T 2 ] = [U ], to redefine the capacitance element in the first basic triplet section. Taking into account the rescaling factor of resonator i as α i , as Fig. 3(d) shows, the entry U ii in [U ] can be evaluated from (7) and (11) by
where all the coupling elements at the right side belong to [M 1 ]. This operation thus produces new admittance matrix [Y 2 ] by the following:
In addition, note that the topology of the network is not influenced in this step.
Step 3: Implementing a further similarity transformation on the rescaled network, which ultimately realizes an in-line frequency-variant coupling as Fig. 3(e) illustrates. Representing the involved transformation by a rotation matrix [R 2 ], this step can be described mathematically by
where the resultant capacitance matrix [C 3 ] possesses nonzero entries out of the main diagonal, representing the frequency slope of the produced frequency-variant coupling.
Step 4: Afterward, the same matrix manipulations in steps 1-3 are adopted for the other triplet sections, where a final in-line topology with multiple-frequency-variant couplings can be acquired, as depicted from Fig. 3 
(f)-(h).
Note that a frequency-variant coupling is transformed from a triplet section in the presented approach, the number of TZs (denoted as NZ here) thus depends on the triplets that can be realized during the transformations. For an Nth order in-line filter, NZ is investigated from Fig. 3 that satisfies
which indicates that the maximum number of TZs for an Nth order in-line filter would be N/2 in this paper.
B. Direct Synthesis Procedure for Unique Topology
Being an absolute direct matrix technique, the proposed synthesis can also be combined with [21] - [23] , resulting in a new kind of unique topology as Fig. 4 illustrates, which contain cross-coupled structures, extracted-pole sections, and in-line frequency-variant couplings as an entity.
The design procedure for synthesizing an Nth order unique topology filter with NZ TZs is briefly provided as follows.
Step 1: Applying the technique in [23] to generate a couple of extracted-pole structures at the source and load, separately. Assuming P 1 extracted-pole sections appear at the two terminations, it is noticed that P 1 TZs are created accordingly.
Step 2: Using the approach detailed in this paper to realize several in-line frequency-variant couplings. As a result, another P 2 TZs are generated once a number of P 2 frequencyvariant couplings are determined.
Step 3: Implementing further similarity transformations to realize more practical cross-coupled configurations; these configurations can generate the rest P 3 (=NZ-P 1 -P 2 ) TZs.
Since TZs can be realized by different types of structures in the unique topology, it is certain that the proposed approach expands the flexibility of direct matrix synthesis for narrowband high selectivity filters, and may be conveniently adopted in the future microwave/RF systems.
IV. ILLUSTRATIVE EXAMPLES
Based on the above discussions, two synthesis examples are detailed to verify the effectiveness of the presented approach.
A. Fifth-Order In-Line Prototype With Two Frequency-Variant Couplings
The first example demonstrated here is a fifth-order 22-dB return loss low-pass prototype that contains two frequency-variant couplings, which can generate finite TZs at f z1 = −1.5 j and f z2 = 2.1 j , respectively.
The transversal array network for the prototype is first determined in terms of [6] . With a group of similarity transformations, networks with triplet and lattice structures are obtained successively as Fig. 5(a) and (b) illustrate, where the two TZs can be individually realized. Note that all the coupling elements are constant in these networks. The transformation continues by rescaling resonators 1 and 4 based on (17) . Capacitances of the two resonators thus turn into 5.4913 Fig. 6 . Synthesis S-parameters of the fifth-order in-line prototype. and 2.7123, respectively. In addition, relevant coupling values are changed as well as marked in red and italic in Fig. 5(c) .
Finally, another two similarity rotations are utilized according to (19) . By selecting rotation pivot [1] , [2] (with rotation angle 32.6458°) and pivot [4] , [5] (with rotation angle 51.9149°), an in-line topology is eventually decided in Fig Moreover, note that
from which it can be observed that f z1 and f z2 are generated and controlled by the two frequency-variant couplings independently.
B. Eighth-Order Prototype With Unique Topology
An eighth-order 22-dB return loss prototype in a unique topology that contains three extracted-pole sections (generating TZs at 3 j , 2 j , and −2.6 j , respectively), an in-line frequency-variant coupling (generating a TZ at 1.7 j ), as well as a triplet (generating a TZ at −1.8 j ) is synthesized to show the design flexibility of the presented approach.
The extracted-pole sections are first realized by means of the principle in [23] . Admittance matrix transformations detailed in this paper are then adopted, which can realize an inline frequency-variant coupling between resonators 3 and 4. Thereafter, further similarity transformations are utilized to obtain a triplet for the rest cross-coupled subnetwork.
The final routing schematic for the eighth-order prototype, together with the coupling values, is given in Fig. 7 . Note that the capacitances of two particular resonators (marked as resonators 3 and 4 in Fig. 7 ) are C 33 = 1.6635 and C 44 = 1.5106, separately; while the other resonator capacitances are unity. In addition, Fig. 8 shows the corresponding synthesized S-parameters for the eighth-order example. 
V. EXPERIMENTAL VALIDATION
For the experimental validation, a fourth-order in-line bandpass filter is designed and manufactured by using coaxial resonator structures. The filter is expected to operate at f 0 = 1.80 GHz with bandwidth BW = 80 MHz and 22-dB return loss. Moreover, two TZs are required at f z1 = 1.64 GHz and f z2 = 1.97 GHz, which are separately generated by two frequency-variant couplings.
A. Synthesis for the Corresponding Low-Pass Prototype
After the frequency is normalized to the low pass domain, the desired TZ positions turned out to be −4.2 j and 4 j , respectively. Therefore, the corresponding low-pass prototype with two triplets is first determined and is shown in Fig. 9(a) . It is noticed that the TZs are realized by the first and the second triplets individually. According to our proposed approach, Fig. 9(b) and (c) is thus obtained successively.
Note that the capacitances of the resonators in Fig. 9 (c) are derived as C 11 = 1.3329, C 22 = 1.2721, C 33 = 0.7827, and C 44 = 0.8247. To facilitate the physical implementation, another rescaling transformation is adopted here by using rescaling matrix
which can normalize the capacitances to unity again (i.e., C 11 = C 22 = C 33 = C 44 = 1 after the rescaling transformation). The relevant coupling values are thus modified accordingly, as expressed in Fig. 9(d) . The response of the final low-pass prototype is illustrated in Fig. 10 , which performs the desired functions.
B. Physical Implementation
Based on the derived prototype, resonating frequencies and circuit couplings for the filter are thus determined by applying frequency and impedance renormalizations in [24] , which results in a network as Fig. 11 gives. It should be stated that the two frequency-variant couplings in Fig. 9(d 
) thus
It is then noticed that these two demands can be practically achieved by using an appropriate mixed-coupled structure in Fig. 12(a) , as [18] , [19] , and [25] demonstrate. Based on [18] and [26] , a mixed coupling is thus generated as Fig. 12(b) shows, whose value at f 0 (referred as K in the following) can be altered via different physical dimensions, such as diameter d c of the opposite metal disks [which produce the negative (capacitive) part (i.e., capacitance C m ) inside the mixed coupling], and height h l of the horizontal metal rod [which realizes the positive (inductive) part (i.e., inductance L m ) of the mixed coupling]. Moreover, since capacitance C m and inductance L m construct a resonator inherently, the mixed coupling will vanish at its inherent resonant frequency f z (which can also be altered with the capacitance and inductance values). In consequence, a specific frequency-variant coupling can thus be approximately realized by properly selecting the combination of diameter d c and height h l in a mixed-coupled structure. To explain the design more precisely, the derivation of K and the resonant frequency f z versus different values of d c and h l (under assumption of a symmetric model) are simulated in terms of [18] and illustrated in Fig. 13 . It is apparent from Fig. 13(a) that the mixed coupling can be dominated as positive (inductive) or negative (capacitive) at f 0 by a similar mixed-coupled structure, with different physical dimensions. Stipulated as a symmetric model here, the result may not be exactly accurate and some further adjustments may still be required. However, it is believed that Fig. 13 reveals the relationship between desired couplings and physical structures.
On the basis of these results, we choose d c1 = 5.8 mm and h l1 = 7.7 mm for generating the frequency-variant coupling k 12 , and d c2 = 5.8 mm and h l2 = 10.2 mm for generating the frequency-variant coupling k 34 in the fourth-order filter, respectively. Moreover, the other constant couplings between source and resonators 1-4 and load in Fig. 11 are decided by using traditional extraction mechanisms in the literature.
With above discussions, top view schematic for the whole coaxial cavity filter is reported in Fig. 14(a) , where all the corresponding dimensions are listed along. It can be observed that the four coaxial resonators are composed of metal cylinders (with diameter d 1 = 12 mm and 21 mm in height) and individual square boxes (30 mm × 30 mm × 25 mm), which are direct-coupled one after another via inductive windows (with thickness of 2 mm). Note that the proposed frequency-variant couplings (marked by dotted box F-r C) are implemented between resonators 1 and 2, as well as resonators 3 and 4, separately. Besides, the constant input coupling (between source and resonator 1) and output coupling (between resonator 4 and load) are defined by using tapped-in lines with the diameter of 1.2 mm and respective heights of 9.4 and 7.1 mm. The electromagnetic (EM) module (in HFSS) for the fourth-order example is then given in Fig. 14(b) .
The simulated S-parameters without adjustments are presented in Fig. 15 , showing acceptable responses. Note that both f z1 and f z2 are above the required positions (i.e., 1.64 and 1.97 GHz), it infers that d c1 and d c2 should be increased or h l1 and h l2 should be reduced during the simulation, according to the concepts presented in Fig. 13 . With minimal adjustments, the ultimate dimensions are selected as d c1 = d c2 = 6 mm, h l1 = 7.6 mm, and h l2 = 9.8 mm for this fourth-order filter.
Accordingly, the fourth-order in-line coaxial resonator filter is fabricated as Fig. 16 shows, with dimensions 67 mm × 67 mm × 29 mm. The final EM simulation and the measured S-parameters are reported in Fig. 17 . Note that the locations of two TZs f z1 and f z2 , the center frequency f 0 , as well as the bandwidth in the simulation results are perfectly matched to the requirements (i.e., f z1 = 1.64 GHz, f z2 = 1.97 GHz, f 0 = 1.80 GHz, and BW = 80 MHz) to satisfy our application in a special wireless system. Moreover, the simulated S 11 is less than −15 dB within the entire operating band, which is considered acceptable. By some further tuning of the fabricated filter (via the top screws between the resonators in Fig. 16 ), S 11 is improved to less than −22 dB in the measured results, along with a very slight change on the operating bandwidth and TZs. (The measured operating band now becomes 1.755-1.847 GHz, i.e., BW = 92 MHz, while f z1 turns out to be 1.645 GHz, and f z2 turns out to be 1.976 GHz.)
VI. CONCLUSION
This paper presents a direct matrix approach for synthesizing in-line topology filters that contain a group of frequencyvariant couplings for the first time. It is noticed that multiple TZs can thus be generated and independently controlled by the frequency-variant couplings without any auxiliary crosscoupled or extracted-pole structures. Involving only directcoupled resonators in the resultant network, the proposed approach provides the simplest synthesis solution for high selectivity filters. Combining the proposed approach with techniques developed in previous works, new topologies with in-line frequency-variant couplings, extracted-pole sections, and cross-coupled structures can be derived, expanding the design flexibility for narrowband high performance filters. 
